We perform simulations of magnetohydrodynamic turbulence in the early universe and numerically compute the resulting stochastic background of gravitational waves and relic magnetic fields. The gravitational wave spectra have a universal form at low frequencies, with more power than suggested by earlier analytical models. The efficiency of gravitational wave production varies significantly with the physical form of the initial conditions. We also demonstrate the production of circular polarization in the gravitational wave background by helical sources. These results extend the range of early-universe phase transitions whose gravitational waves may be detectable by the planned Laser Interferometer Space Antenna. A period of turbulence in the early universe can produce a stochastic background of gravitational waves (GWs). Turbulence might arise from the dynamics of a first-order phase transition [1] [2] [3] , or from the evolution of primordial magnetic fields [4] [5] [6] [7] coupled to the highly conducting primordial plasma. Analytic estimates reveal that turbulence generated by an electroweak phase transition can produce GWs within the detectable amplitude and frequency range of the Laser Interferometer Space Antenna (LISA) if the turbulent energy density is roughly one percent of the total energy density of the universe at that time [8] [9] [10] [11] . These estimates assume stationary hydrodynamic turbulence with a typical Kolmogorov power spectrum and a duration set by a typical Hubble time. However, these calculations neglect magnetic field and mode coupling effects, which will extend the frequency range of the resulting GWs due to the transfer of power to larger scales [4, 12] . Since the frequency spectrum of a stochastic GW background determines its detectability in a given experiment, the inclusion of these effects is essential for establishing the sensitivity of upcoming GW experiments to early-universe physics [13] . Primordial magnetic fields are also capable of creating turbulent plasma motions that can serve as an additional source of GWs [14] [15] [16] . Finally, magnetic fields generated during a period of turbulence can persist until the present epoch * Electronic address: Alberto.RoperPol@colorado.edu and are potentially observable if their amplitude is large enough [17] .
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We present the results of direct numerical simulations of magnetohydrodynamic (MHD) turbulence and compute numerically the resulting stochastic GW spectrum. We assume a spatially flat homogeneous cosmological background metric ds 2 = −c 2 dt 2 + a 2 (t)δ ij dx i dx j , where t is the physical time, c is the speed of light, and a(t) is the scale factor. The GWs (i.e., the tensor perturbations
where H(t) = a −1 da/dt is the Hubble expansion rate, G is Newton's constant, and T TT ij is the transverse-traceless part of the total (kinetic and magnetic) stress-energy tensor
using Lorentz-Heaviside units. Here, ρc 2 is the radiation energy density, u is the peculiar velocity, γ = 1 − u 2 /c 2 −1/2 is the Lorentz factor, p = ρc 2 s is the radiation pressure with sound speed c s = c/ √ 3 in a relativistic plasma, and B is the magnetic field. All of these quantities are a function of space and time.
The expansion of the universe leads to a dilution of radiation energy density and magnetic fields, and to the damping of the GW amplitude owing to the term proportional to H in Eq. (1). To scale out expansion effects, we use appropriately scaled comoving variables and conformal time (
The full set of MHD equations is then similar to the usual MHD equations [4, [18] [19] [20] . The GW equation simplifies to [21] 
whereT ij = T ij /E * rad is normalized by the radiation energy density E * rad = 3H 2 * c 2 /(8πG) at time t * = H −1 * with H * being the Hubble rate at the time of generation, and t =t/t * is the normalized conformal time. For notational convenience, tildes and overbars will now be dropped on all quantities.
We numerically solve for the dynamics of earlyuniverse MHD turbulence and compute the spatial Fourier component of the stress tensor T ij (k, t) using the Pencil Code [22] . To study the sensitivity to initial conditions, we have performed several sets of simulations with different physical models for driving plasma motions. Our full set of computational runs is summarized in Table I . In Set I (runs ini1 to ini3), B(x) is initialized as a gaussian random field with magnetic energy spectrum E M (k) ∝ k 4 for k < k * [23] (corresponding to a causally generated field) and E M (k) ∝ k −5/3 (Kolmogorov spectrum) for k > k * . In Set II (runs hel1-hel4 and noh1-noh2, B(x) = 0 initially, but is then driven by applying an electromotive force during 1 ≤ t ≤ t max in the induction equation consisting of random monochromatic waves around wave number k * . The driving force field is taken as either helical or non-helical. For characteristic wavenumber k * , the initial number of eddies per horizon length at the driving scale is N ≡ ck * /(2πH * ), usually taken to be 100 for the electroweak first-order phase transition [24] . For all of our calculations, we assume u(x) = 0 initially, and defer other choices to future studies. For both sets, we arrange the simulations such that the maximum E M is a specified fraction of the radiation energy density. For comparison, we also consider Set III (runs ac1-ac3) with B = 0, using irrotational or "acoustic" turbulence sourced by a gradient of random potentials consisting of Gaussians
, resulting in a spectral peak at k * = 2/R ≈ 600 [25] , which is similar to Runs hel1+2.
To compute the resulting GW production, we evaluate the transverse-traceless source, given byT
is the projection operator. We then express the stress in the linear polarization basis and compute T +,× (k, t) = 1 and e 2 orthonormal to k and to each other. These two stress tensor components are the sources for the corresponding h +,× (k) components of the metric strain in Eq. (3). The wave equation is evolved numerically for each mode, assuming a constant source for each time step; see [21] for computational details. The magnetic helicity spectrum H M (k, t), the GW energy spectrum and the GW helicity spectrum are computed from the metric strain Fourier modes using standard formulas [26] .
We present all numerical results for turbulence starting when the universe has a temperature corresponding to the electroweak scale, T ≈ 100 GeV. However, since the plasma is highly relativistic, the temperature is the only energy scale in the problem, so our results scale simply with T : the strain amplitude of GWs is proportional to T −1 while their frequency is proportional to T . Likewise, if the turbulence is driven at a characteristic length scale L, the GW strain amplitude is proportional to L 3/2 and the frequency is proportional to L −1 [11] . Figure 1 shows the resulting magnetic field and GW energy spectra for a nominal case of strong turbulence (ini1 in Table 1 ), driven by an initial magnetic field imposed at time t = 1. The initial magnetic energy density is 0.116 (in units of E rad ), so the Alfvén speed v A is about half the speed of light, and the characteristic wave number is k * = 600. These initial conditions were evolved on a 1152 3 mesh of grid points. The comoving E GW (k) becomes essentially constant once E M reaches its peak value. The turnover time of the turbulence is extremely short, (v A k * ) −1 ≈ 0.003, but because of magnetic helicity and inverse cascading, the actual decay time is about 40 times longer. However, this is still short compared with the Hubble time, so the decay time sets the time scale for GW generation. The k −5/3 inertial range in E M corresponds to k −11/3 in E GW , as expected from [11, 27] . At small k, we choose the source to have an initial k 4 energy spectrum, which is the behavior for a source with a spatial length beyond which it has zero spatial correlations. Any source must behave like this on scales larger than the causal horizon c/H * at time t * . However, E GW is shallower than the expected k 2 in this k range, even though at early times a k 2 subinertial range is clearly re- k|HM| and HGW, respectively. Both HM and HGW are positive, but HM changes sign at high k.
produced [28] , which agrees with the results of Ref. [11] ; see [27] . This shallow small-k behavior in E GW appears generic for all turbulent sources. It arises whenever the source has a white-noise k 2 spectrum [29] . Even the very blue (causal) Batchelor k 4 spectrum [23] never produces a spectrum that is steeper than white noise. This cannot be changed by the transverse-traceless projection.
In Figure 2 , we convert to GW energy density per logarithmic frequency interval as a fraction of critical density today, h 2 0 Ω GW (f ) = kE GW (k)/E crit , and the corresponding characteristic strain amplitude h c (f ) [26] . The two other GW spectra are from separate simulations which reduce the turbulent energy E M by a factor of 15 (ini2), and additionally reduce the wave number k * by a factor of 10 (ini3). The scaling with these changes is clearly evident. Note in particular the −1/2 slope of h c (f ) at low frequencies; this must eventually turn over to a slope of +1/2 at frequencies below the causal horizon scale, but the −1/2 slope can extend over the range between the stirring scale and the horizon scale, typically a factor of 100 in frequency.
In Runs ini1-3, GWs are produced by the sudden emergence of a magnetic field. In reality, this will be a gradual process, as modeled by the Set II initial conditions. The electromotive force is applied until t max = 1.01 or 1.1, but the GW energy produced is fairly insensitive to t max . The evolution of E i (for i =K or M) and E GW is shown in Fig. 3 for ini1-3 , hel1+2, and ac1; in all cases, E GW reaches a constant comoving value shortly after any source driving ceases.
All of our runs have similar GW spectra at low frequencies, with h c (f ) behaving approximately as f −1/2 . Runs hel1+2 and ac1 have in common that the GW spectra are steeper at high frequencies than in runs ini1-ini3. This is a consequence of the nearly monochromatic driving, which leads to a spike in E M (k) or E K (k) at k = k * and a sharp drop in E GW (k) beyond k = 2k * . This is particularly clear for Runs hel1-3 and noh2; see Fig. 4 . The spectra for Runs hel2+3 and noh2 have the same low frequency tail, which underlines its universal nature. Interestingly, for given input energy, the largest value of E ∞ GW is obtained for acoustic turbulence. This case was already studied in Refs. [32] [33] [34] .
For a given type of initial condition and stirring scale, the final energy density in GWs has the expected quadratic dependence on the source energy density to a very good approximation (except for the runs noh1+2) as shown in Fig. 5 . The efficiency of GW production varies significantly with the type of initial conditions; for the same total source energy, the acoustic compression initial conditions lead to a factor of 100 more energy in GW than the sudden magnetic field, while the gradually turned on magnetic field is between. The detailed reason behind this significant variation in radiation efficiency is unclear, but it implies that accurate predictions of GW production from cosmological phase transitions will require a detailed model of how latent heat is converted to plasma and magnetic field energies.
The GW spectra resulting from helical and non-helical initial magnetic fields show essentially the same shape and nearly the same source efficiency. One significant physical difference is that helical magnetic fields efficiently source circularly polarized GWs, while non-helical fields give unpolarized waves. The ini1-ini3 runs, with Gaussian random magnetic fields, lead to nearly maximal circular polarization, as the dotted line in Fig. 1 demonstrates.
Projected sensitivity curves for the LISA satellite mission [30, 31] are plotted in Fig. 2 along with GW spectra from runs ini1-ini3. The two curves correspond to possible LISA configurations with different arm lengths and numbers of laser paths. The cases ini2 and ini3, each with a turbulent energy input of around 1% of the total radiation energy density and different stirring scales within the physically reasonable range, are both clearly detectable with the more ambitious LISA design. The f −1/2 low frequency spectrum for h c (f ) demonstrated here clearly enhances the detectability of these spectra compared to the f 1/2 spectrum obtained from simple analytic models of stationary turbulence [11] and typically assumed in current analyzes of possible first-order cosmological phase transitions, e.g. [35] . We have also demonstrated that the GW amplitude depends significantly on the details of how latent heat released in a phase transition is transformed into the energy of plasma motions and magnetic fields. The numerical simulations and physics results developed in this work motivate more detailed modeling of early-universe phase transition dynamics.
LISA is now scheduled for launch in the mid 2030's. If the universe cooperates by providing us with the signal computed here, LISA will peer at the first few femtoseconds of cosmic evolution. 
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MHD equations for the early universe
The MHD equations for an ultrarelativistic gas in a flat expanding universe [4, 20] are given by
where
δ ij ∇ · u are the components of the rate-of-strain tensor with commas denoting partial derivatives, J is the current density, ν is the viscosity, and η is the magnetic diffusivity. Energy can be injected through ponderomotive and electromagnetic forces, F and E, respectively.
Comparison with analytic approach
Looking at Fig. 1 of [11] , we see a peak at 1 mHz and h c ≈ 4 × 10 −20 for their largest Mach number of unity. By comparison, for our Run ini1, the spectrum shows an intermediate peak at 3 mHz and h c ≈ 0.7 × 10 −20 . Our Mach number based on the Alfvén speed is just some 20% below unity, so our numerical results have approximately five times smaller strain than the analytical results of Ref. [11] . Their subinertial range slope is 1/2 and agrees with ours at early times. However, after a short time, our spectra gain energy at small k and the spectrum develops a −1/2 slope. At high frequencies, our spectrum has a slope of −7/3, corresponding to a Kolmogorov spectrum, while that of Ref. [11] has a slope of −10/3, which we would obtain if we used a small magnetic Reynolds number, which results in a k −11/3 Golitsyn spectrum for the magnetic field; see Table II. 3 Early development of GWs at large scales
We have seen that E GW (k, t) shows a flat spectrum at small k. This might appear unphysical, because it takes some time before power can be established at large scales. Correspondence between the slopes of EM expected for the subinertial range ("exp") and what is obtained in the simulation by the time t = 1.1 ("new") and the results for spectra with the Kolmogorov slope ("Kol") found here and the Golitsyn slope ("Gol"), which agrees with Ref. [11] . In Fig. 6 we show that at early times, the spectrum is clearly proportional to k 2 , as expected, and that similar spectra are also being reproduced in 10 and 50 times larger domains. This shows that the flat spectrum is physical and emerges only later. Figure 7 shows that at those small k, E GW (k, t) grows with t proportional to k 2 (t − t * ) 2 , and reaches a constant level that is independent of k and is given by the white noise spectrum of the source at large scales. This is demonstrated for wave numbers as small as a few times the Hubble horizon wave number, ck/H * = 1, 2, 4, and 8. A white noise spectrum of the source implies a white noise spectrum of ∂ 2 h/∂t 2 and thus a flat spectrum of ∂h/∂t, i.e., of E GW (k).
4 Spectra of B and B
2
In Fig. 8 we demonstrate that the usual shellintegrated spectra of the vector B have the same slope as those of the scalar B 2 , provided B is not white noise. When B has a white noise k 2 spectrum or even a Batchelor k 4 spectrum, the spectrum of B 2 is always that of white noise. The k 4 spectrum is caused by a white noise vector potential, but the spectrum of the resulting stress can never be steeper than k 2 .
